CHAPTER I: LESSON 1: PROPOSITIONS
A. THEORY:
1. Propositions and Open Statements 
a. Proposition
· A logical proposition (or simply proposition) is a declarative sentence that can be determined to be either true or false.
Sentences whose truth value cannot be determined are not propositions.
· Each proposition must be either true or false.
· A proposition cannot be both true and false at the same time.
Note: Capital letters such as P,Q,R,… are commonly used to denote propositions.
Example 1:
· P: “33 is a prime number.” — This is a true proposition.
· Q: “February has 30 days.” — This is a false proposition.
· R: “This is a wise decision!” — This is not a proposition.
- In general, questions, exclamations, and commands are not propositions.
Remark: Propositions related to mathematics are called mathematical propositions.

b. Open Statement (Propositional Function)
A sentence whose truth value cannot be determined until specific values are assigned to its variables is called an open statement (or propositional function).
Example 2:
“n is an even number” (where nnn is a natural number) is an open statement.
· For n=1, we obtain the proposition “1 is an even number,” which is false.
· For n=2, we obtain the proposition “2 is an even number,” which is true.

2. Negation of a Proposition 
· To form the negation of a proposition PPP, we usually insert or remove the word “not” in the predicate of P.
The negation of P is denoted by P (or sometimes ¬P).
· The propositions P and P‾  express opposite meanings.
If P is true, then P‾ is false, and if P is false, then P‾  is true.
Example 3:
Let Q: “4 is a prime number.”
The negation of Q is Q‾​: “4 is not a prime number.”
Here, Q is false, and Q‾ ​ is true.

3. Implication and Converse Statements.
a. Implication (Conditional Statement)
· A statement of the form “If P, then Q” is called an implication, denoted by P⇒Q
· In mathematics, theorems are true propositions that often take the form P⇒Q. In such cases, we say:
· P is the hypothesis (or antecedent) of the theorem,
· Q is the conclusion (or consequent) of the theorem.
· Equivalently, we say:
· “P is a sufficient condition for Q,” and
· “Q is a necessary condition for P.”
b. Converse Statement
· The converse of the implication P⇒Q is the statement Q⇒P
Example 4:
For each real number x, consider the propositions:
P: "x²=1",  Q: "x=1".
a) State the propositions P⇒Q and its converse.
b) Determine the truth value of each proposition.
Solution:
a) P⇒Q: “If x²=1 , then x=1”
 Converse Q⇒P “If "x=1, then x²=1.”
b) The proposition P⇒Q is false, while its converse Q⇒P is true.

4. Biconditional (Equivalent) Statement.
· A statement of the form “P if and only if Q” is called a biconditional or equivalent statement, denoted by P⇔Q
* Remark:
If both P⇒Q  are true, then the biconditional P⇔Q is true.
In this case, we say:
· “P is equivalent to Q,” or
· “P is a necessary and sufficient condition for Q,” or
· “P if and only if Q.”
Example 5:
The statement: “Triangle ABC is right-angled at A if and only if AB²+AC²=BC²” is a biconditional statement and is true.

5. Propositions with the Symbols ∀ and ∃ 
· The symbol ∀\ is read as “for all” or “for every”.
· The symbol ∃ is read as “there exists”.
Example 6:
Let’s consider the following propositions:
· P: “Every real number has a square different from 1,” written as P: "∀x ∈ R, x²≠1". 
· Q: “There exists a real number whose square is different from 1,” written as Q: "∃x ∈ R, x²≠1".





